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SOME PERMUTATIONS OVER Fp CONCERNING PRIMITIVE
ROOTS
LI-YUAN WANG AND HAO PAN
Abstract. Let p be an odd prime and let Fp denote the finite field with p
elements. Suppose that g is a primitive root of Fp. Define the permutation
τg : Hp → Hp by
τg(b) :=
{
gb, if gb ∈ Hp,
−gb, if gb 6∈ Hp,
for each b ∈ Hp, where Hp = {1, 2, . . . , (p− 1)/2} is viewed as a subset of Fp. In
this paper, we investigate the sign of τg. For example, if p ≡ 5 (mod 8), then
(−1)|τg| = (−1) 14 (h(−4p)+2)
for every primitive root g, where h(−4p) is the class number of the imaginary
quadratic field Q(
√−4p).
1. Introduction
Suppose that p is an odd prime. Let Fp denote the finite field with p elements
and let F×p = Fp \ {0}. For convenience, we may identify Fp with {0, 1, . . . , p− 1}.
Suppose that g is a primitive root of Fp. Define
σg(b) := g
b (1.1)
for each b ∈ {1, . . . , p− 1}. Since F×p is identified with {1, . . . , p− 1}, we can view
σg as a permutation over F
×
p . In [5], Kohl considered the sign of the permutation
σg and proposed an interesting problem:
• If p ≡ 1 (mod 4), then
|{g ∈ Rp : (−1)|σg| = 1}| = |{g ∈ Rp : (−1)|σg | = −1}|, (1.2)
where (−1)|σg| denotes the sign of σg and
Rp := {g ∈ Fp : g is a primitive root}.
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• If p ≡ 3 (mod 4), then
(−1)|σg| ≡ −
(
p− 1
2
)
! (mod p) (1.3)
for each g ∈ Rp.
Soon, (1.2) and (1.3) were confirmed by Ladisch and Petrov [5] respectively. In
particular, the key ingredient of Petrov’s proof is the formula∏
1≤i<j≤p−1
(ζj − ζ i) = e (p−2)(3p−1)4 ·pii · (p− 1) p−12 , (1.4)
where i =
√−1 and ζ = e 2piip−1 is the (p− 1)-th primitive root of unity. A classical
result of Mordell [3] says that for any prime p ≡ 3 (mod 4)(
p− 1
2
)
! ≡ (−1) 12 (h(−p)+1) (mod p),
where h(d) denotes the class number of the quadratic field Q(
√
d). Hence (1.3)
also can be rewritten as
(−1)|σg | ≡ (−1) 12 (h(−p)−1) (mod p). (1.5)
In this note, we shall consider a variant of Kohl’s problem. Let
Hp :=
{
1, 2, . . . ,
p− 1
2
}
and view Hp as a subset of Fp. We shall define the permutation τg over Hp for
every primitive root g ∈ Rp. Define
τg(b) :=
{
gb, if gb ∈ Hp,
−gb, if gb 6∈ Hp,
(1.6)
for each b ∈ Hp. Note that−gb = g 12 (p−1)+b. It is easy to see that τg is a permutation
over Hp. In fact, our definition of τg is motivated by the well-known Gauss lemma,
which says that for each a ∈ F×p , the Legendre symbol(
a
p
)
= (−1)Na,p,
where
Na,p := |{b ∈ Hp : ab 6∈ Hp}|.
It is natural to ask what the sign of τg is. We have
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Theorem 1.1. (i) If p ≡ 1 (mod 8), then for each g ∈ Rp,
(−1)|τg| = (−1) 14h(−4p) · (−1)|σg|. (1.7)
(ii) If p ≡ 5 (mod 8), then for each g ∈ Rp,
(−1)|τg | = (−1) 14 (h(−4p)+2). (1.8)
(iii) If p = 18(2n+ 1)2 + 1 for some positive integer n, then
(−1)|τg| = (−1)n+1. (1.9)
(iv) If p ≡ 3 (mod 4) is not of the form 18(2n+ 1)2 + 1, then
|{g ∈ Rp : (−1)|τg| = 1}| = |{g ∈ Rp : (−1)|τg| = −1}|. (1.10)
The proof of Theorem 1.1 will be given in the subsequent two sections. In fact,
we shall use a modification of Petrov’s discussions to prove (i)-(iii) of Theorem 1.1.
And for the final case (iv), we shall find 1 ≤ a ≤ p − 1 with (a, p − 1) = 1 such
that τg and τga have the opposite parity for each g ∈ Rp.
2. The case p ≡ 1 (mod 4)
In this section, we shall prove (i) and (ii) of Theorem1.1. First, suppose that p
is an odd prime. Let
Qp = {x2 : x ∈ F∗p},
i.e., Qp is the set of all non-zero quadratic residues in Fp. Define λ : Hp → Qp by
λ(b) = b2.
Since Hp = {1, . . . , (p− 1)/2}, clearly λ is a bijection. Let
νg := λ ◦ τg ◦ λ−1.
Then νp is a permutation over Qp. Recall that the sign of a permutation is also
determined by its decomposition into the product of disjoint cycles. So we must
have
(−1)|νg| = (−1)|τg|. (2.1)
Clearly for each 1 ≤ b ≤ (p− 1)/2, we have
νg(b
2) = g2b.
Hence
(−1)|νg| =
∏
1≤i<j≤ p−1
2
g2j − g2i
j2 − i2 (2.2)
over Fp.
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Lemma 2.1. Suppose that the prime p ≡ 1 (mod 4). Then∏
1≤i<j≤ p−1
2
(j2 − i2) ≡ −
(
p− 1
2
)
! (mod p). (2.3)
Proof. Evidently,∏
1≤i<j≤ p−1
2
(j2 − i2) =
∏
1≤i≤ p−3
2
( ∏
i<j≤ p−1
2
(j − i)
)
·
∏
1≤i≤ p−3
2
( ∏
i<j≤ p−1
2
(j + i)
)
=
∏
1≤i≤ p−3
2
(
p− 1
2
− i
)
! ·
∏
1≤i≤ p−3
2
(i+ p−1
2
)!
(2i)!
=
∏
1≤k≤p−2
k 6= p−1
2
k! ·
∏
1≤i≤ p−3
2
1
(2i)!
=
1
(p−1
2
)!
∏
0≤k≤ p−3
2
(2k + 1)!. (2.4)
By the classical Wilson theorem, for each 1 ≤ k ≤ p− 2,
k!(p−1−k)! ≡ (−1)p−1−kk!
p−1−k∏
j=1
(p−j) = (−1)k(p−1)! ≡ (−1)k+1 (mod p). (2.5)
Since (p− 1)/2 is even now, we have∏
1≤i<j≤ p−1
2
(j2 − i2) ≡ 1
(p−1
2
)!
≡ −
(
p− 1
2
)
! (mod p).

In order to evaluate
∏
1≤i<j≤ p−1
2
(g2j − g2i), we may view g as an integer lying in
{1, 2, . . . , p− 1}. Let ζ = e 2piip−1 be a (p− 1)-th primitive root of unity. Clearly
gp−1 − 1 =
p−1∏
j=1
(g − ζj) ≡ 0 (mod p).
Hence there exists 1 ≤ j0 ≤ p− 1 such that g − ζj0 is not prime to p, i.e.,
g − ζj0 ≡ 0 (mod p)
for some prime ideal p ⊆ Q(ζ) with p | p, where Q(ζ) denotes the (p − 1)-th
cyclotomic field. For each 1 ≤ k ≤ p− 2, since gk − 1 is prime to p , we must have
ζkj0 6= 1. So j0 is prime to p−1, i.e., ζj0 is also a (p−1)-th primitive root of unity.
Recall that ψ : ζ 7→ ζj0 gives a Galois automorphism over Q(ζ) (cf. [2, p. 71]).
Hence without loss of generality, we may assume that j0 = 1, i.e.,
g ≡ ζ (mod p). (2.6)
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Lemma 2.2. Suppose that p ≡ 1 (mod 4) is a prime. Then
∏
1≤i<j≤ p−1
2
(g2j − g2i) ≡ e (p−3)(3p+1)16 ·pii ·
(
p− 1
2
) p−1
4
(mod p). (2.7)
Proof. Let
Υ(x) :=
∏
1≤i<j≤ p−1
2
(x2j − x2i). (2.8)
Clearly
Υ(ζ)2 =
∏
1≤i<j≤ p−1
2
(ζ2j − ζ2i)2 = (−1) (p−1)(p−3)8
∏
1≤i 6=j≤ p−1
2
(ζ2j − ζ2i).
Note that
p−3
2∏
i=1
(1− ζ2i) = lim
x→1
p−3
2∏
i=1
(x− ζ2i) = lim
x→1
x
p−1
2 − 1
x− 1 =
p− 1
2
.
It follows that
p−1
2∏
j=1
∏
1≤i≤ p−1
2
i 6=j
(ζ2j − ζ2i) =
p−1
2∏
j=1
ζ (p−3)j
∏
1≤i≤ p−1
2
i 6=j
(1− ζ2(i−j))
=
p−1
2∏
j=1
(
ζ (p−3)j · p− 1
2
)
= ζ
(p−3)(p2−1)
8 ·
(
p− 1
2
) p−1
2
.
Thus we get
Υ(ζ)2 = (−1) (p−1)(p−3)8 + (p−3)(p+1)4 ·
(
p− 1
2
) p−1
2
. (2.9)
In particular,
|Υ(ζ)| =
(
p− 1
2
) p−1
4
.
Let α = argΥ(ζ) denote the argument of Υ(ζ). Note that for any θ ∈ [0, 2pi),
1− eiθ = (1− cos θ)− i sin θ = 2 sin θ
2
(
sin
θ
2
− i cos θ
2
)
= 2 sin
θ
2
· ei( θ2−pi2 ),
i.e.,
arg(1− eiθ) ≡ θ
2
− pi
2
(mod 2pi),
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where for x, y, z ∈ R, x ≡ y (mod z) means x− y = nz for some integer n. Hence
arg(ζ2j − ζ2i) = arg (− ζ2i(1− ζ2j−2i)) ≡ (j + i) · 2pi
p− 1 +
pi
2
(mod 2pi)
for each 1 ≤ i < j ≤ (p− 1)/2. It follows that
argΥ(ζ) ≡ 2pi
p− 1
∑
1≤i<j≤ p−1
2
(j + i) +
pi
2
∑
1≤i<j≤ p−1
2
1
=
(p− 3)(p2 − 1)
16
· 2pi
p− 1 +
(p− 3)(p− 1)
8
· pi
2
=
(p− 3)(3p+ 1)
16
· pi (mod 2pi).
So
Υ(ζ) = e
(p−3)(3p+1)
16
·pii ·
(
p− 1
2
) p−1
4
. (2.10)

Furthermore, we also need a result of Williams and Currie (cf. [4, p. 972]).
Lemma 2.3. Suppose that p ≡ 1 (mod 4) is a prime. Then
2
p−1
4 ≡ (−1)h(−p)4 + p−18 (mod p) (2.11)
if p ≡ 1 (mod 8). And
2
p−1
4 ·
(
p− 1
2
)
! ≡ (−1) 14 (h(−p)+2)+ p−58 (mod p) (2.12)
if p ≡ 5 (mod 8).
First, assume that case p ≡ 5 (mod 8). It is easy to check that
(p− 3)(3p+ 1)
16
≡ p− 5
8
(mod 2)
when p ≡ 5 (mod 8). So
Υ(g) ≡ Υ(ζ) =
(
p− 1
2
) p−1
4
· (−1) p−58 (mod p). (2.13)
Note that both sides of (2.13) are rational integers. So we have
Υ(g) ≡ (−1) p−58 ·
(
p− 1
2
) p−1
4
≡ (−1)
p+3
8
2
p−1
4
(mod p). (2.14)
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Combining (2.3), (2.7) and (2.12), we obtain that
(−1)|νg| ≡
∏
1≤i<j≤ p−1
2
g2j − g2i
j2 − i2 ≡ (−1)
1
4
(h(−p)+2) (mod p)
provided p ≡ 5 (mod 8). (1.8) is concluded.
Next, assume that p ≡ 1 (mod 8). Clearly now
(p− 3)(3p+ 1)
16
+
1
2
≡ p− 1
8
(mod 2).
According to (2.3), (2.7) and (2.11), we know that
(−1)|τg| ≡
∏
1≤i<j≤ p−1
2
g2j − g2i
j2 − i2 ≡ (−1)
1
4
h(−p)+1i ·
(
p− 1
2
)
! (mod p). (2.15)
On the other hand, by view of (2.5), we have
∏
1≤i<j≤p−1
(j − i) =
p−2∏
i=1
(p− 1− i)! =
p−2∏
k=1
k! ≡ (−1) p
2
−9
8 ·
(
p− 1
2
)
! (mod p).
(2.16)
So combining (2.16) with (1.4), we obtain that
(−1)|σg| ≡
∏
1≤i<j≤p−1
gj − gi
j − i ≡
(−1) p
2
−9
8
+ p−1
2 · e (p−2)(3p−1)4 ·pii
(p−1
2
)!
≡(−1) p
2
−9
8 · e (p−2)(3p−1)4 ·pii ·
(
p− 1
2
)
! (mod p). (2.17)
Note that
p2 − 9
8
≡ 0 (mod 2), (p− 2)(3p− 1)
4
≡ 3
2
(mod 2)
for any p ≡ 1 (mod 8). Thus (1.7) immediately follows from (2.15) and (2.17).
3. The case p ≡ 3 (mod 4)
Proof of (iii) of Theorem 1.1. Suppose that p = 18(2n+1)2+1 is a prime for some
positive integer n. Let ζ and p be the ones in (2.6). Note that (2.10) is factly valid
for each odd prime p, i.e.,
Υ(ζ) = e
(p−3)(3p+1)
16
·pii ·
(
p− 1
2
) p−1
4
.
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Since p = 18(2n+ 1)2 + 1 ≡ 3 (mod 16) now, we have
∏
1≤i<j≤ p−1
2
(g2j − g2i) ≡ e (p−3)(3p+1)16 ·pii ·
(
p− 1
2
) p−1
4
= (6n + 3)
p−1
2 (mod p). (3.1)
Noting that both sides of (3.1) are rational integers, we factly get∏
1≤i<j≤ p−1
2
(g2j − g2i) ≡ (6n+ 3) p−12 (mod p). (3.2)
On the other hand, in view of (2.4) and (2.5),
∏
1≤i<j≤ p−1
2
(j2 − i2) = 1
(p−1
2
)!
p−3
2∏
k=0
(2k + 1)! =
p−5
4∏
k=0
(2k + 1)!(p− 2− 2k)! ≡ 1 (mod p).
Hence
(−1)|τg| =
∏
1≤i<j≤ p−1
2
g2j − g2i
j2 − i2 ≡ (6n+ 3)
p−1
2 ≡
(
6n+ 3
p
)
(mod p).
Since p ≡ 3 (mod 4), by the law of quadratic reciprocity, we have(
6n+ 3
p
)
= (−1)3n+1 ·
(
p
6n+ 3
)
= (−1)n+1 ·
(
2(6n+ 3)2 + 1
6n + 3
)
= (−1)n+1.
The proof of (1.9) is complete. 
Proof of (iv) of Theorem 1.1. Suppose that p ≡ 3 (mod 4) is a prime not of the
form 18(2n + 1)2 + 1. The case p = 3 can be verified directly. So without loss
of generality, below we assume that p > 3. We mention that (p − 1)/2 can’t be
a perfect square. Otherwise, assume on the contrary that p = 2m2 + 1 for some
integer m. If 3 ∤ m, then
p = 2m2 + 1 ≡ 2 + 1 ≡ 0 (mod 3),
which is impossible since p > 3 is prime. Suppose that 3 | m. Since p ≡ 3 (mod 4),
m must be odd. So m = 3(2n + 1) for some integer n. This also contradicts with
our assumption that p isn’t of the form 18(2n+ 1)2 + 1.
Let
h =
p− 1
2
and let Zh = Z/hZ denote the cyclic group of order h. For convenience, we
may write Zh = {1, 2, . . . , h}. On the other hand, recall that we have viewed
Hp = {1, 2, . . . , h} as a subset of Fp. Let ψ be the natural bijection from Zh to Hp.
Assume that 1 ≤ a ≤ p− 1 is prime to p− 1. Define
ηa(b) := ab
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for each b ∈ Zh. Since a is also prime to h, ηa is a permutation over Zh. We claim
that
τga = τg ◦ ψ ◦ ηa ◦ ψ−1 (3.3)
for each g ∈ Rp. In fact, assume that 1 ≤ b ≤ h and ab ≡ c (mod h) for some
1 ≤ c ≤ h. Clearly
c = ψ ◦ ηa ◦ ψ−1(b)
provided that both b and c are viewed as the elements of Hp. Note that either
ab ≡ c (mod p− 1) or ab ≡ c+ h (mod p− 1) now. Hence, we must have
gc ≡ (ga)b (mod p)
or
gc ≡ (ga)b · gh ≡ −(ga)b (mod p).
That is,
τga(b) = τg(c).
In view of (3.3), we get
(−1)τga = (−1)τg · (−1)|ηa|.
We shall find 1 ≤ a ≤ p−1 with (a, p−1) = 1 such that ηa is an odd permutation.
Since h is odd, according to the generalized Zolotarev lemma (cf. [1]), we know
that
(−1)|ηa| =
(
a
h
)
,
where
(
·
·
)
denotes the Jacobi symbol. We may write h = qα11 q
α2
2 · · · qαss , where
q1, . . . , qs are distinct odd primes and α1, . . . , αs ≥ 1. Recall that h can’t be a
perfect square. Without loss of generality, assume that α1 is odd. By the Chinese
remainder theorem, there exists 1 ≤ a ≤ p − 1 with (a, p − 1) = 1 such that a is
a quadratic non-residue modulo q1 and is a quadratic residue modulo qi for each
2 ≤ i ≤ s. Then (
a
h
)
=
s∏
j=1
(
a
qj
)αj
= (−1)α1 = −1,
i.e., (−1)|ηa| = −1.
Finally, since a is prime to p− 1, clearly νa : g 7→ ga is a permutation over Rp.
So
|{g : (−1)|τg | = 1}| = |{g : (−1)|τga | = −1}| ≤ |{g : (−1)|τg | = −1}|,
and
|{g : (−1)|τg| = −1}| = |{g : (−1)|τga | = 1}| ≤ |{g : (−1)|τg| = 1}|.
Hence we must have |{g ∈ Rp : (−1)|τg| = 1}| = |{g ∈ Rp : (−1)|τg | = −1}|.
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